Abstract. The transverse vibrations of a rectangular plate with the Kelvin type boundary conditions at four corners are investigated. The plate is modeled as being attached to four lumped spring-damper systems at the corners. An analytical procedure is proposed based on the modal analysis. The completely free case of the plate is first studied. The expressions for the eigenfrequencies and eigenfunctions of the plate are obtained by utilizing the separation of variables. Then, the case in which the stiffness and the viscous damping as external forces acting at the corners of the plate is studied. Following the modal analysis procedure, the general solution for the equation of motion of the rectangular plate is derived. Some numerical results are presented.
Introduction
Having many applications in mechanical, civil and aerospace engineerings, the flexure of rectangular plates has been extensively studied in the literature. The earliest works on this subject which covered the classical theory with some restrictions were reviewed in the Leissa's book [8] . Following that, considering a variety of boundary conditions, Leissa [9] analyzed twenty-one cases of rectangular plates which involved the possible combinations of clamped, simply-supported, and free-edge boundary conditions. The author showed the effects of changing edge conditions upon the frequencies and their accuracies, and also the effects of changing Poisson's ratio upon the vibration frequencies. In another study, Leissa et al. [10] solved the problem of simply supported rectangular plate having parabolically varying rotational constraints at the two opposite edges by using both the exact solutions of differential equations and the Ritz method. The numerical results were presented and compared to each other and with other results for certain limiting cases.
By using the method of superposition, Gorman [1] proposed a new theoretical approach to analyze the free vibration of the completely free rectangular plate. The method involves choosing auxiliary plate problems for which accurate solutions are easily obtained, superimposing these solutions, and constraining them such that their combined solution satisfies the boundary conditions of interest. The author provided the eigenvalues with four digit accuracy for a wide range of plate aspect ratios and modal shapes.
Because of its importance in obtaining sufficient engineering accuracy for many practical applications, Laura et al. [6] used polynomial coordinate functions and the Rayleigh-Ritz method to calculate the fundamental frequency coefficient for a rectangular plate with edges elastically restrained against both translation and rotation. They claimed that the approach is simple and straightforward and gives the solution of a rather difficult elastodynamics problem. Using a similar approach, Gutierrez et al. [3] studied the vibrations of a rectangular plate having a thickness which varies in bilinear fashion in the x-axis. In that study, the authors considered the translational and rotational flexibilities at all edges and presented a simple algorithm which allows one to evaluate the fundamental frequency of vibration.
Laura et al. [7] presented simple analytical methods for calculating the fundamental frequencies of vibration of three types of plates. These are first orthotropic rectangular plates with edges possessing different rotational flexibility parameters, second clamped and simply supported plates of complicated boundary shape, and third isotropic circular plates subjected to a hydrostatic state of stress and elastically restrained against the translation and rotation.
Using a similar approach as in reference [1] , Gorman [2] exploited the method of superposition to obtain a solution for the free vibration of thin rectangular plates resting on elastic edge supports of arbitrarily distributed stiffness in which step discontinuities exist. In that study, it was found that the eigenvalues approach their known proper limits as the stiffness approach their limits of zero and infinity. In another study on the mixed boundary conditions, Singhal et al. [12] proposed an analytical procedure based on the method of superposition to obtain the free vibration frequencies and mode shapes of partially clamped cantilevered rectangular plates with and without rigid point supports. They also conducted a number of experimental tests in order to permit comparison between theoretical and experimental results.
Rajalingham et al. [11] presented a method which yields accurate results for the natural frequencies and plate characteristic functions for the clamped rectangular plates. They obtained the optimum separable solutions of the plate vibration equation by reducing it to simultaneous ordinary differential equations. In order to represent various structural types of building floors, the plate may be simultaneously subjected to many different constraints including elastic edge and point supports. Kato et al. [5] adopted the Rayleigh-Ritz solution for the transverse vibration analysis of a thin rectangular plate in order to estimate the vibration characteristic of building floors.
Recently, Zhao et al. [13] succeeded to introduce the discrete singular convolution to the vibration analysis of rectangular plates with non-uniform and combined boundary conditions. They employed twenty one non-trivial cases constructed from all possible boundary condition combinations of simply supported, clamped and transversely supported edges.
Most of the previous studies related to the flexure of rectangular plates with classical theory, a variety of boundary conditions have been taken into consideration. These boundary conditions are generally possible combinations of simple-supported, clamped, and free edges. Additionally, the rectangular plates with rigid point supports, distributed elastic and rigid supports, and elastic edges restrained against both translation and rotation have also been investigated.
In the present study, the transverse vibrations of a rectangular plate with the Kelvin type boundary conditions including stiffness and viscous damping at four corners are investigated. Here, the classical theory is used for the equation of motion of the plate and an analytical procedure is proposed based on the modal analysis.
At first, the continuous model of the free-free plate is studied. By using the separation of variables, the eigenfrequencies and eigenfunctions are derived. After that, the new case is studied by using the Kelvin type boundary conditions at four corners. The spring and viscous damping forces are assumed to act as external forces at the corners of the plate. Then, using the modal analysis procedure, the general solution to the equation of motion of this damped rectangular plate is obtained. Finally, the results of sample numerical calculations are carried out for undamped and damped cases.
Problem statement and formulation
The plate model considered in this study is shown in Fig. 1 
where w(x, y, t) denotes the vertical displacement of a typical element at a position (x, y), ρ denotes the mass per unit area of the plate, and t denotes the time. Additionally, D represents the flexural rigidity of the plate, defined as where E shows the modulus of elasticity, h shows the thickness of the plate, and v shows Poisson's ratio. Here, the equation of motion of the rectangular plate with Kelvin type boundary conditions is solved first for the free edges case.
Completely free plate
The equation of motion expressed by Eq. (1) is to be solved with the following four boundary conditions, considering the symmetry of the boundary conditions;
where M y is the bending moment, and V y is the transverse shear force in y-direction.
For the other edges of the plate, a sliding edge or a slip shear support is supposed in which the slope is zero and no shear force is allowed [4] .
It is assumed that the displacement w(x, y, t) can be written as the product of two functions. Namely, a function W which depends on the spatial coordinates x, y and a function f which is a time-dependent harmonic function of frequency ω. Thus,
Substitution of this separated form into the equation of motion given by Eq. (1) yields the following two new differential equations; one of which is an ordinary differential equation and the other is a partial differential equation
The solution of the first differential equation given by Eq. (6) is well known and determined by the initial conditions. The second differential equation given by Eq. (7) determines the mode forms of the plate. Now, one can consider the mode forms of the following type:
as a multiplication of mode shape of a free-free beam along y and cosine mode shape along x since the assumption of the free edges and the slip-shear support. Where the notations
are introduced for simplicity. In Eq. (8), C 1 , C 2 , C 3 and C 4 are the integration constants to be determined by the boundary conditions. The boundary conditions given by Eqs (3) and (4) have the general form of
The application of boundary conditions given by Eqs (3) and (4) in connection with the expressions (10) and (11) results in
The four linear algebraic equations given by Eqs (12) 
where the notations
are introduced for simplicity. Here, B mn is the arbitrary magnitude of the eigenfunction to be determined by the initial conditions. Because of the linearity and homogeneity of the equation of motion given by Eq. (1), the sum of any number of natural modes is a possible free vibration. Thus, the general solution of the equation can be written in the form of
where A mn and Φ mn are the integration constants coming from the solution of the ordinary differential equation given by Eq. (6) and can be determined by the initial conditions.
Supported plate
In this part of the study, the effect of the springs and dampers will be included in the rectangular plate model. Assuming that external spring and viscous damping forces act at the four corners of the plate, the equation of motion becomes [4] 
t) + cẇ(x, y, t)] +δ(x − a)δ(y) [kw(x, y, t) + cẇ(x, y, t)] + δ(x)δ(y − b) [kw(x, y, t) + cẇ(x, y, t)] +δ(x − a)δ(y − a) [kw(x, y, t) + cẇ(x, y, t)] = −ρ
where the biharmonic operator
and the Dirac's delta function
are utilized, and k and c shows the coefficients of spring and viscous damping respectively. Following the modal analysis procedure, one can assume that the solution of the differential equation is of the form for each eigenfunction of completely free plate [4] ,
Substituting this form into Eq. (22) gives
If this equation is integrated over the plate, then
is obtained. Rearranging the terms of the above equation yields
are introduced for simplicity. Using the eigenfunction expression (17), and utilizing the biharmonic operator and the Dirac's delta function, after lengthy calculations and some manipulations, expression (28) can be rearranged by defining 
then Eq. (28) can be written in the form
which is similar to the well-known equation of motion of a damped single degree of freedom system expressed as
where x(t) is the displacement and m is the mass, ω mn is the undamped natural frequency, and ζ n is the damping ratio defined as
One can write the following equalities from Eqs (35) and (36) by analogy
The last two expressions give
As a result of this analogy, Eqs (38) and (40) give the natural frequencies and damping ratios for the positive integers m and n. Moreover, the solution to Eq. (35) for an underdamped mode can be written as
are introduced. Here, A mn and Φ mn are the constants of integration and depend on the initial conditions. Furthermore, ω dmn denotes the damped natural frequencies. Finally, combining the solutions (17) and (41) in connection with the assumption (25), and forming the summation over all modes, the total solution of the differential Eq. (26) can be written as
where the integration constants A mn and Φ mn are to be determined by utilizing the initial conditions. Table 2 Dimensionless damping ratios and damped frequency parameters λ dmn for different Poisson's ratios 
Numerical results
In this section, the numerical results of the analytical solutions for the eigenfrequencies and the damping ratios are presented. A realistic model is studied by using a plate for which the density is ρ = 2710 kg/m 3 , the modulus of elasticity is E = 71 × 10 9 N/m 2 , and various Poisson's ratios that can vary between 0 and 0.5 for isotropic materials. A rectangular plate with dimension a = 9 m, and different aspect ratios a/b = 0.4, 1.0, 2.5, and a thickness of h = 9.0 × 10 −3 m is assumed. At the corners, the spring coefficient k = 15 × 10 5 N/m and the damping coefficient c = 32 × 10 2 Ns/m are used for the Kelvin type boundary conditions. Table 1 presents the dimensionless frequency parameters for the free edges case for various Poisson's ratios and square plate, defined by
where the eigenfrequencies ω mn are solved from the characteristic equation which is obtained from the determinant of the coefficient matrix of the algebraic Eqs (12)- (15) for positive integer values of m and n. The results are fairly good agreement with the values given in the literature. In Table 1 , the dimensionless frequency parameters are slightly different from the ones calculated by Leissa since the admissible functions that are used in both studies are different. Leissa has used the fundamental mode shapes of beams. However, in this study, a multiplication of free-free beam mode shape along y and cosine mode shape along x is used by assuming free edges and slip-shear support.
In Table 2 , dimensionless damping ratios defined by Eq. (40) and the dimensionless damped frequency parameters defined by
for different Poisson's ratios are given. It is clear that the springs and dampers at the four edges of the plate have an effect on the behaviour of the plate. In order to find an optimum value of the damping ratio in connection with the coefficients of spring and damper, one can look at how damping ratio being changed with respect to the change of spring and damper values. In Fig. 2 , there are two curves showing that the damping ratio changes seperately depended on the spring and damper coefficients. The intersection point of these two curves is at the critical damping ratio which equals to one. In Fig. 3 , the behaviour of damping ratio is plotted when the values of spring and damping are simultaneously changed. In Table 3 , the damping state for different Poisson's ratios is given with optimum values of the stiffness and viscous damping.
Different aspect ratios are also studied for Poisson's ratio ν = 0.3 and the results are tabulated in Table 4 . Also, they are compared with the given values in the literature.
As expected, the dimensionless damping ratios and dimensionless damped frequency parameters change with the change of aspect ratios. Table 5 shows the results.
The optimum values of the stiffness and damping are related to plate behaviors which are determined by the material properties of the plate for free vibration analysis. In Table 6 , the damping state for aspect ratios 0.4, 1.0 and 2.5 with the density ρ = 2710 kg/m 3 and the modulus of elasticity E = 71 × 10 9 N/m 2 is given with the optimum values of the stiffness and viscous damping.
Conclusions
The classical theory is used for the equation of motion of a rectangular plate with the Kelvin type boundary conditions that include the stiffness and the viscous damping at four corners. An analytical solution procedure is proposed based on the modal analysis.
The completely free case of the continuous model of the plate is first studied. The expressions for the eigenfrequencies and eigenfunctions of the plate are obtained by utilizing the separation of variables. Following that, the stiffened and damped case is studied by using the Kelvin type boundary conditions by considering the spring and viscous damping as the external forces acting on the plate at the four corners. Then, the general solution to the equation of motion of this rectangular plate is obtained by following the modal analysis procedure. Finally, some numerical results are presented and compared with the values in the literature for accuracy. 
